A N APPROXIMATE DYNAMIC MODEL describing the undamped radial vibration of thin-walled steel pipes with an overwrap of laminated fibre-reinforced polymer (FRP), due to fluid-hammer conditions, is derived. The derived model is an uncoupled model, in which the elastic properties of the pipe and fluid are used to estimate the properties of the fluid-hammer-induced pressure wave. This pressure wave is used as the exciting load in a dynamic analysis of the pipe wall. The derived governing equation is solved analytically by utilizing the properties of Fourier series. The model is implemented on a representative example. It is observed that increasing the number of FRP laminae may lead to larger radial deflections, because the natural frequency of the pipe is significantly altered.
Introduction
The main material for pipeline manufacturing today is still carbon steel [1] . During the service life, the carbon steel pipelines are subjected to various deterioration mechanisms, like corrosion and erosion. If unattended to, these mechanisms may lead to reduced pipe thickness and surface cracks or, in the worst case, complete failure. However, pipeline monitoring and assessment are in widespread use, which often makes repair or replacement prior to failure possible [2] . The use of fibre-reinforced polymer (FRP) composites to repair and strengthen such pipelines is increasing. Some advantages of using FRP for repairing the pipes are the possibility of repair without pipeline shutdown, and the elimination of the explosion risk due to welding [3] . These attributes make the repair process simpler. Additionally, FRP is also made viable by its high-tensile strength, lightness of weight, and noncorroding attributes [4] .
Stress and strain analyses of FRP overwrapped pipes under static pressure have been examined [3, 5] , but according to the author's knowledge, there has not been any theoretical analysis of how a FRP overwrapped pipe behaves under fluid-hammer conditions. Fluid hammer is a phenomenon which is generated by abrupt changes to steady flow conditions, such as the rapid closing of a valve in the end of a pipeline [6] . This causes a pressure wave in the fluid, which travels up and down the pipe, alternating between higher and lower values than the static pressure. This pressure wave will lead to increased deformations and stresses in the pipe, which may result in catastrophic consequences to the pipeline integrity [1] if not taken into account in the design phase. Several theoretical models of varying degree of sophistication exist for pipes made of isotropic materials [6, 7] , and some are also available for multi-layered FRP pipes [1] .
In this study, a model for the radial displacement of a laminated FRP overwrapped metallic pipe is derived. As the purpose is to derive a simple and approximate tool for estimating this displacement, an uncoupled model [6] neglecting the effects of material damping and friction between fluid and pipe will be used. The model takes into account the Korteweg model for the magnitude and velocity of the pressure wave [7] , the equations of motion for a thin-walled shell element, the relationships between its displacements and the corresponding strains and curvatures, and the laminate stiffness matrix. The resulting fourth-order differential equation governing the radial motion of the pipe wall is solved by utilizing Fourier series.
Formulation of the equation of motion for the pipe wall

The equations of motion for a thin cylindrical shell element
The internal pressure is assumed to act axisymmetrically on the pipe wall. In addition, the layout of the filament wound material is assumed to be symmetric and balanced, so that the circumferential displacement and all its derivatives are equal to zero. The equations of motions for a thin-walled, axisymmetric cylinder may then be found to be [1] :
Here, x and y are the axial and circumferential axes of the cylinder, r m is the average density of the composite pipe, h is the total pipe wall thickness, R is the mean radius of the composite pipe, p(x,t) is the internal pressure, N i , V i and M i are tensile force, shear force and bending moment per unit length acting in the corresponding axes, and u and w are the axial and radial displacements, respectively.
In theoretical fluid-hammer analyses, three different axial support conditions are standard [6] . The one adopted in this work is that the pipe is anchored throughout against axial motion, causing u and all its derivatives to be equal to zero. For less- restrained systems, fluid-structure interaction may become of importance [6] , which is beyond the scope of the current work. By adopting this support condition, and combining Equns 2 and 3, the following expressions can be obtained:
Relationships between internal forces, moments and radial displacement
The relationship between internal forces, bending moments, middle surface strains, and curvatures for a laminate plate under plane stress conditions is known [8] : 
The 6x6 matrix is the laminate-stiffness matrix, and its components are given as:
Q ijk are the transformed reduced stiffnesses for layer k, and are given in the appendix for fibre-reinforced laminae; z k is the distance from the mean radius of the pipe to the top of layer k, which means that z h 0 2 = − and z h N = 2 , as shown in Fig.1 .
It is assumed that the metallic pipe is free from stress when it is wrapped in laminated FRP, and that the metallic pipe therefore acts just like any other lamina in the laminate, but with different material properties. Metals like steel are isotropic, in which case the stiffnesses under plane-stress conditions are given as [9] : 
In these equations, E I is the modulus of elasticity, G I is the shear modulus and ν I is Poisson's ratio for the isotropic material. The metallic pipe is as such considered to be the first layer in the composite pipe, extending from z 0 to z 1 in Fig.1 .
In order to take the variation of hoop strain between the different layers into account, Flügge's shell theory is adapted, as has been done for composite cylinders in other works [1, 10] . The corresponding expressions for strains and curvatures for the middle surface are given as [10] :
γ xy
As previously noted, u, ν, and their derivatives are equal to zero, causing ε x 0 , γ xy 0 , and k xy 0 to be equal to zero. With the aid of Eqns 13-15, the three equations required from the set of Equns 6 may now be written as: 
The governing equation of motion
The combination of Equns 17 and 18 with Equn 5 yields the governing equation of motion for a FRP overwrapped isotropic pipe:
where: 
The term representing the inertia of the pipe wall contains the average density of the pipe wall, r m . Because the pipe consists of two different materials, this average density needs to be defined. Let IR be the inner radius of the isotropic pipe, MR is the outer radius of the isotropic pipe, and OR is the outer radius of the FRP overwrap. Furthermore, let h I be the thickness of the isotropic pipe, and h la is the thickness of each FRP lamina. The relationships between the different radii are found from the following expressions:
Using these quantities, the average density of the pipe wall may be expressed as:
where r I is the density of the isotropic pipe, while r FRP is the density of the FRP overwrap.
Mathematical formulation of the pressure wave
The magnitude of the pressure change due to a sudden stop in a fluid flow has been derived by Joukowsky [6] :
where r f is the density of the fluid, α is the velocity of sound through the fluid in the pipe, and V is the steady-state fluid velocity.
When the fluid flow is suddenly stopped, for example by the rapid closure of a valve, the fluid pressure directly upstream the valve will rise by the magnitude Dp. As time goes by, the part of the pipe being subjected to the pressure increase Dp will grow, until an instant when the full length of the pipe is subjected to this pressure increase [11] . The velocity of the pressure wave is equal to the velocity of sound through the fluid. The total pressure in the pipe will later also decrease by Dp, which may cause cavitation [6] , but this is beyond the scope of this work.
The velocity of sound through the fluid may be estimated by applying the Korteweg approximation, in which the inertia and bending stiffness of the pipe wall are neglected [7] . The pipe is then considered as a series of massless rings expanding and contracting in accordance with the internal pressure [6] . In this case, N A y y = 22 ε , and the expression for the velocity of sound is the same as for an axially restricted laminated FRP pipe, which has been derived by Pavlou [1] :
The pressure increase due to fluid hammer, as described above, may be expressed by the Heaviside step function [12] . The total internal pressure in the pipe may therefore be expressed as:
where p 0 is the static pressure and H • ( ) is the Heaviside step function. This expression is applicable from the flow is suddenly stopped, until the pressure wave has reached the end of the pipe, i.e. for 0≤ t ≤ T 0 . The time required for the pressure wave to reach the end of the pipe is given by:
where L is the length of the pipe. In this study, only the structural response due to the dynamic term will be studied:
The structural response of the pipe due to a static pressure may be found by its static governing differential equation, and superposed to the dynamic response.
Analytical solution of the governing equation of motion
By implementing Equn 31 into Equn 19, the governing equation of motion may be expressed as:
The ends of the pipe are assumed to be simply supported along their perimeters, yielding the following boundary conditions to the differential equation:
As the pipe is not deformed at t = 0, the following initial conditions may be applied: 
The coefficient is defined as:
The derivatives may be found to be:
A Fourier sine series for the dynamic pressure may be found to be:
With expressions 36-40 implemented, Equn 32 may be rewritten as: 
Taking these coefficients into account, Equn 41 may be expressed as:
Equation 46 is an ordinary differential equation, which may easily be solved. The particular solution is found to be:
The general solution may be found from its characteristic equation:
The roots of the characteristic equation are:
These roots yield the following general solution of the differential Equn 46: The radial displacements found from this solution may be inserted into Equns13 and 14 to obtain the strains and curvatures, which then may be used to find the resulting stresses in each layer, using the procedure found in [8] , together with Hooke's law for the isotropic pipe. The resulting stresses may then be evaluated against failure criteria for isotropic and anisotropic materials.
It should be noted that the Fourier series in Equn 52 does not rapidly converge, due to the denominator Ω n n 2 2 2 − ω , which may approach zero for some values of n. The series should therefore not be terminated before it has converged. The number of terms which should be included must be decided on a case-to-case basis. However, if there exist some n for which Ω n n 2 2 2 0 − ≤ ω , the absolute minimum number of terms required may be found by setting the denominator equal to zero: 
The series should then be terminated after including sufficiently more terms than N min , for example 10 % more.
Implementation of the model
A calculated example will now be shown. Consider a steel pipe with length L = 50 m, outer radius MR = 0.2 m, and effective load-carrying thickness h I = 3.5 mm. The steel pipe has density r I = 8000 kg/m 3 , elastic modulus E I = 210 GPa, and Poisson's ratio ν I = 0.3. This pipe has been repaired by a overwrap composed by twenty E-Glass/Epoxy laminae with fibre orientation θ = ± 45 o , thickness h la = 0.15 mm, and density r FRP = 1000 kg/m 3 . The mechanical properties of the E-Glass/Epoxy laminae [1] are E 1 = 39 GPa, E 2 = 8.6 GPa, G 12 = 3.8 GPa, and ν 12 = 0.28. The above pipe is conveying water with density r f = 1000 kg/m 3 10 by using Equns 20-22. The velocity of the pressure wave may be found from Equn 28 to be α = 1041.6 m/s, while the pressure rise is found from Equn 27 to be Dp = 3.1249 MPa. N min from Equn 54 is multiplied by 1.10 to find the number of terms of the series to be used; N F = 1940. The corresponding dynamic displacement may now be found by applying Equns 42-45 and 52.
The resulting dynamic displacement is difficult to properly visualize with figures, because it is heavily oscillating with respect to time. An attempt is made here with figures generated with MATLAB, but the best option is to use a software package to generate animated plots of the radial displacement with respect to position along the pipe. Figure 2 shows the radial displacement when the pressure wave is midway through the pipe; t = T 0 /2.
The static displacement w st due to a static pressure p st may be approximated as:
In this case, this corresponds to 0.144 mm. Hence, the radial displacement due to the pressure wave is observed to oscillate heavily about this static displacement. At the current instant, the maximum radial deflection is 2.2 times higher than this static displacement. This factor is called the dynamic load factor DLF [12] . Figure 2 also indicates a small precursor vibration in front of the pressure wave, as earlier also calculated for steel pipes [12] .
In Fig.3 , the pressure wave front has been zoomed in, in order to better visualize how the displacement is oscillating along the length of the pipe. It is observed that over a length of 125 mm, the displacement goes from its maximum to its minimum value.
The variation of the radial displacement versus time at x = L/2 is shown in figure  4 , where the low amplitude precursor vibration is clearly visible. It is observed that the radial displacement, and therefore also the hoop stress, is oscillating with a very high frequency. This indicates that the possibility of fatigue damages needs to be taken into account when designing the FRP overwrap for fluid-hammer conditions.
The effect of the number of FRP laminae applied
When a FRP overwrap is designed, the influence of the number of laminae on the dynamic response of the pipe will be of interest. Therefore, the average static and maximum dynamic displacement has been calculated for every second new lamina from 0 to 40 laminae. When more than 40 laminae are applied, one reaches the limit of the thin-walled shell theory on which this work is based. Equation 55 has been used to calculate the static displacement.
The maximum dynamic displacement has been estimated by calculating the radial displacement at every 10 mm along the pipe for every 20 µs numerically, for then to find the maximum. All the maximum displacements were found to occur for t > 40 ms. Therefore, the displacements in the interval 40 ms ≤ t ≤ T 0 were calculated once more with a time step of 10 µs, to increase the probability of hitting the maximum values. Better estimates may be found by using smaller length or time steps, at the cost of increased computation time, but the difference when doing so has been found to be small. The results are shown in Fig.5 . As expected, the average static displacement is steadily decreasing when the number of FRP laminae is increased.
The maximum dynamic displacement, on the other hand, does not follow a monotonic trend. Instead, it decreases for the first ten laminae, before it starts to increase. When 40 laminae are applied, the maximum dynamic displacement is 6 % higher than when no laminae are applied.
The reason for the increasing dynamic displacements is assumed to be that the natural frequency of the pipe changes. E-Glass is approximately eight times lighter than steel, which makes the average pipe wall density decrease when more laminae are applied. Because of this, the stiffness of the pipe increases faster than its inertia, causing its natural frequency to change. This means that a FRP-overwrapped steel pipe may be closer to a state of resonance than the steel pipe itself, leading to increased amplitudes of its oscillation due to fluid hammer. The occurrence of resonance in a pipeline due to fluid hammer has earlier been described by Leishear [12] , and also mentioned by Shepherd et al. [7] . Using the same procedure as Leishear has used for isotropic pipes, the critical velocity for which resonance occurs, for an axially restricted composite pipe, may be expressed as: where the symbols from Equn 19 are used. If the velocity of the fluid hammer from Equn 28 approaches this critical velocity, the maximum radial displacement will increase significantly [12] . It will therefore be in the overwrap designer's interest to make sure a sufficient margin exists between α and α cr , which both depend on the stiffness of the pipe.
In Fig.6 , the model has been applied to a steel pipe with outer diameter 1.2 m and thickness 10 mm. The rest of the configuration is equal to the previous example. As the pipe diameter is larger, the thin-walled shell theory may be used for a thicker pipe. As the figure shows, the maximum dynamic radial deformation is reduced for the first 60 laminae. However, when 130 laminae are applied, this deformation has increased, being 8.5% higher than when no laminae are applied. Thus, the increasing deformation is experienced for pipes of both small and large diameters.
Conclusions
An analytic uncoupled model, giving an approximate estimation of the dynamic radial deflection of a laminated fibrereinforced polymer (FRP) overwrapped isotropic pipe, subjected to fluid-hammer conditions, has been derived.
The model takes the elastic properties of the conducted fluid and the two piping materials into account, in order to estimate the pressure rise and wave speed. The dynamic response of the pipe, caused by the pressure wave described by these two properties, has been derived using thin-walled shell theory and the laminatestiffness matrix. The resulting partial differential equation has been solved by utilizing Fourier sine series.
The model has been implemented for a representative example. The radial deformation was found to oscillate, both along the pipe at any given instant, and for each point with respect to time. As the frequency is very high, there is a risk for fatigue damage to occur.
Calculations have been performed in order to investigate how the number of FRP laminae influences the dynamic response of the pipe. The maximum radial displacement during the first fluid-hammer pressure wave is decreased when the first laminae are applied. When even more laminae are added, the oscillation amplitude and the maximum displacement increases, due to the change of the natural frequency of the pipe, compared to the fluid-hammer wave speed.
The model presented in this work is only applicable up to the moment when the whole length of the pipe is subjected to increased pressure, i.e. for 0 ≤ t ≤ T 0 . For T 0 ≤ t ≤ 2T 0 , the differential equation has to be solved for the reflected pressure wave, which cancels the original pressure rise. The initial conditions for this new differential equation will be the solution of equation (52) when t = T 0 .
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